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Abstract 

In this paper, we evaluate energy and momentum density distri- 
butions for the Weyl metric by using the well-known prescriptions 
of Einstein, Landau-Lifshitz, Papaterou and Moller. The metric un- 
der consideration is the static axisymmetric vacuum solution to the 
Einstein field equations and one of the field equations represents the 
Laplace equation. Curzon metric is the special case of this spacetime. 
We find that the energy density is different for each prescription. How- 
ever, momentum turns out to be constant in each case. 
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1 Introduction 



The concept of energy, momentum and angular momentum has always an 
important character in both Classical and Quantum Physics. In Special 
Relativity, the density of energy and momentum form a second rank tensor 
field whose divergence vanishes. Serious difficulties in connection with its 
notion arise in the theory of General Relativity (GR). The energy problem 
is the oldest [1] and one of the most difficult problems of classical GR. 
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The law of conservation of energy in GR, T^. b = 0, can be written in the 
form 

(T b a +t b a ), b = 0, (1) 

where t b a is the energy-momentum pseudo tensor of the gravitational field. 
Because of the way we defined t b a , it is not a tensor - the procedure of picking 
out a partial derivative from a covariant one is not invariant. By using a 
superpotential H^ c , H^ c c , t b a is defined non-covariantly from the very begin- 
ning. In the same way, the canonical energy-momentum pseudo tensor is not 
a tensor, because to form it we take a partial (non-covariant) derivative of 
the Lagrangian. 

There have been many attempts to resolve the energy problem in GR. 
Penrose [2] introduced a definition of quasi-local mass in order to discuss 
gravitational energy in the framework of GR. The definition applies to space- 
like surfaces of spherical topology and, through construction intrinsic to the 
two-surface, produces a quantity to be termed as the Pensrose mass within 
the two surface. In linearised theory this is the same as the norm of the 
energy-momentum of the sources within the two-surface. So far most of 
the applications have been made in asymptotic regions, null and space-like 
infinity for asymptotically flat spaces and time-like infinity for asymptotically 
anti-de Sitter spaces [2,3]. 

Jeffryes [4] applied the construction of quasi-local mass in the Newtonian 
limit of GR with perfect fluids using the formulation of Futamase et al. [5]. 
Bartnik [6] presented a new defintion of quasi-local mass. Dirac and Arnowitt 
et al. [7] succeeded in putting the exact theory of gravitation in Hamiltonian 
form. 

There have been series of some other attempts [8]- [13] to evaluate the 
energy-momentum distribution. In this series, the first attempt was made 
by Einstein [8] who suggested an expression for energy-momentum density. 
After this, many prescriptions, followed by Landau-Lifshitz [9], Papapetrou 
[10], Bergman [11], Tolman [12] and Weinberg [13], were proposed. The main 
problem with these definitions is that they are coordinate dependent. These 
prescriptions give meaningful results only when calculations are performed 
in Cartesian coordinates. 

Moller [14,15] proposed an expression which is the best to make calcu- 
lations in any coordinate system. He claimed that his expression would 
give the same values for the total energy and momentum as the Einstein's 
energy-momentum complex for a closed system. However, Moller's energy- 
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momentum complex was subjected to some criticism [2], [15]-[17]. Komar's 
[16] prescription, though not restricted to the use of Cartesian coordinates, is 
not applicable to non-static spacetimes. Thus each of these energy-momentum 
complex has its own drawbacks. As a result, these ideas of the energy- 
momentum complex were severally criticized. 

Virbhadra et al. [18]- [22] and Xulu [23,24] explored several examples 
of the spacetimes and found that different prescriptions could provide ex- 
actly the same energy-momentum distribution. Virbhadra concluded that 
Einstein's prescription might provide the best results among all the known 
prescriptions for the energy-momentum distribution of a given spacetime. In 
a recent paper, Lessner [25] pointed out that the Moller's energy-momentum 
prescription is a powerful concept of energy and momentum in GR. 

In recent papers, Sharif [26-28] has explored some examples of space- 
times in which energy-momentum density components turn out to be dif- 
ferent for different prescriptions. In this paper, we use energy-momentum 
complexes of Einstein, Ladau-Lifshitz, Papapetrou and Moller to evaluate 
energy-momentum density components of the Weyl metric. The paper is 
formulated as follows. In the next section, we shall describe the Weyl met- 
ric and transform it into Cartesian coordinates. In sections 3, 4, 5 and 6, 
we shall evaluate energy and momentum densities using the prescriptions of 
Einstein, Landau-Lifshitz, Papapetrou and Moller respectively. In the last 
section, we shall discuss the results. 



2 The Weyl Metrics 

Static axisymmetric solutions to the Einstein field equations are given by the 
Weyl metric [30] 



in the cylindrical coordinates (p, 0, z). Here ip and 7 are functions of 
coordinates p and z. The metric functions satisfy the following differential 
equations 



ds 2 = e^dt 2 - e 2 ^\dp 2 + dz 2 ) - p 2 e- 2 ^d$ 2 



(2) 



p 

ip = p{i> 2 p - ^ 2 Z ), iz = 2pifj p ifj z . 



(3) 



(4) 
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It is obvious that Eq.(3) represents the Laplace equation for ip. Its general 
solution, yielding an asymptotically flat behaviour, will be 



00 a 



^=E^n(00Sfl), (5) 



r.n+1 
n=0 ' 



where r = yj p' 2 + z' 2 , cos 9 = z/r are Weyl spherical coordinates and P n (cos 9) 
are Legendre Polynomials. The coefficients a n are arbitrary real constants 
which are called Weyl moments. It is mentioned here that if we take 



/ m m2 P 2 I 2 , 2 (*\ 

then the Weyl metric reduces to special solution of Curzon metric [30]. In 
order to have meaningful results in the prescriptions of Einstein, Landau- 
Lifshitz and Papapetrou, it is necessary to transform the metric in Cartesian 
coordinates. We transform this metric in Cartesian coordinates by using 

x = pcos(f>, y = psmcj). (7) 

The resulting metric in these coordinates will become 

P 2( 7 -V) P -2V 

ds 2 = e 2 ^dt 2 - —^{xdx + ydyf - —{xdy - ydxf - e 2 ^dz 2 . (8) 

3 Energy and Momentum in Einstein's Pre- 
scription 



The energy-momentum complex of Einstein [8] is given by 

1 

16tt 



= AzHt, (9) 



where 



H h a c = [-g(g M g ce - 9 be 9 cd )U 0, b, c, d, e = 0, 1, 2, 3. (10) 



Here 0q is the energy density, Q l (i = 1,2,3) are the momentum density 
components and 6° are the energy current density components. The Einstein 
energy-momentum satisfies the local conservation laws 
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#o 01 = -T(e 2 --l)--(7p-2W), (12) 



The required non-vanishing components of H bc are 

P 

K = -|(e 2 --l)-^( 7p -2^), (13) 
H° 3 = 2(7,-2^). (14) 



Using Eqs.(12)-(14) in Eq.(9), we obtain the energy and momentum densities 
in Einstein's prescription 

©o = ^(7p(e 27 - 1) - P1 PP + 2^ + 2p^j pp + pj zz - 2pij zz ], (15) 

©o = 0. (16) 
This gives momentum density zero and consequently momentum is constant. 

4 Energy and Momentum in Landau-Lifshitz 's 
Prescrition 

The Landau-Lifshitz [9] energy-momentum complex can be written as 

L ab = _L^w / 17 n 

16tt ' cd ' K ' 

where 

f cM = -g(g ab g cd - g ad g ch ). (18) 

L ab is symmetric with respect to its indices. L 00 is the energy density and 
L 0t are the momentum (energy current) density components. £ abcd has sym- 
metries of the Riemann curvature tensor. The local conservation laws for 
Landau-Lifshitz energy-momentum complex turn out to be 

The required non- vanishing components of £ acbd are 

£0101 = _J_ (y 2 e 4( 7 -^) +;r 2 e 2( 7 -2^ (2Q) 
P 



£0202 = _J_ (a .2 e 4( 7 -^) +2/ 2 e 2( 7 -2^) ); ^ 
P 



^0102 = ^/g4( 7 -V>) _ e 2( 7 -2^)\ (22) 
£ 0303 = _ e 2( 7 -2^)_ (23) 



When we substitute these values in Eq.(17), it follows that the energy density 
remains non-zero while momentum density components vanish. These are 
given as follows 



_ e 2( 7 -2V) 



+ lz Z - 2ij> gz ) + 2p 2 {( 7p - 2^) 2 + ( 7 , - 2^ 2 ) 2 }], 
L 0i = 0. (24) 



5 Energy and Momentum in Papapetrou's Pre- 
scription 

We can write the prescription of Papapetrou [10] energy-momentum distri- 
bution in the following way 

Qab = iib^' (25) 

where 

N abcd = ^(gaiyd _ ^bd + ^ab _ gbd^c^ ^ 

and i] ab is the Minkowski spacetime. It follows that the energy-momentum 
complex satisfies the following local conservation laws 

8Q ab 

% = < 27 > 

Q 00 and Q° l represent the energy and momentum (energy current) density 
components respectively. The required non-vanishing components of N abcd 
are given by 

N 0011 = --\ x 2 + y 2 e 2 ^ + p 2 e 2 ^~ 2 % (28) 
P 
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N 0022 = -hx 2 e^ + y 2 + p 2 e 2 ^- 2 ^}, (29) 
P 



^0012 _ X V 
P 2 

AT0033 = _ 1 _ e 2( 7 -2V-)_ (31) 



N m12 = r^( e ^-l), (30) 



Substituting Eqs.(28)-(31) in Eq.(25), we obtain the following energy density 
and momentum density components 



e 2 ^ 



^ 00 = [(1 " e ^h P + {W P - P(1 PP - Wpp + Izz - tyzz) 

- 2p{( 7p -2^) 2 + ( 72 -2^) 2 }}e-^], 
Q 0i = 0. (32) 



6 Energy and Momentum in Moller's Pre- 
scription 

The energy-momentum density components in Moller's prescription [14,15] 
are given as 

M h a = ^K^, (33) 

where 

K c = V=g(g^ - g ae , d )9 be 9 cd - (34) 

Here K bc is symmetric with respect to the indices. Mq is the energy den- 
sity, Mq are momentum density components, and Mf are the components of 
energy current density. The Moller energy-momentum satisfies the following 
local conservation laws 

dM b 

^Fr = 0- (35) 
dx b 

Notice that Moller's energy-momentum complex is independent of coordi- 
nates. For the Weyl metric, we obtain the following non-vanishing compo- 
nents of K bc 

K = 2p^ p , (36) 
iC = 2p^- (37) 
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When we make use of Eqs.(36) and (37) in Eq.(33), the energy and momen- 
tum density components turn out to be 



M °° = + p ^ pp + P ^ zz ^ 



Mq = 0. 



(38) 
(39) 



7 Discussion 

The debate on the localization of energy-momentum is an interesting and 
a controversial problem. According to Misner et al [31], energy can only 
be localized for spherical systems. In a series of papers [32] Cooperstock 
et al. has presented a hypothesis which says that, in a curved spacetime, 
energy and momentum are confined to the regions of non-vanishing energy- 
momentum tensor T% of the matter and all non-gravitational fields. The 
results of Xulu [23,24] and the recent results of Bringley [33] support this 
hypothesis. Also, in the recent work, Virbhadra and his collaborators [18-22] 
have shown that different energy-momentum complexes can provide mean- 
ingful results. Keeping these points in mind, we have explored the Weyl 
spacetime for the energy-momentum distribution. 

In this paper, we are using prescriptions of Einstein, Landau-Lifshitz, Pa- 
papetrou and Moller to evaluate the energy-momentum density components 
for the Weyl metric. From Eqs.(14), (23), (32) and (38), it can be seen that 
the energy-momentum densities are finite and well defined. We also note that 
the energy density is different for the four different prescriptions. However, 
momentum density components turn out to be zero in all the prescriptions 
and consequently we obtain constant momentum for this spacetime. 

In recent papers [26-28], we have used Einstein and Papapetrou's prescrip- 
tions to determine the energy-momentum distribution of Godel and Godel 
type spacetimes. These results do not coincide for the two different pre- 
scriptions. Here we have found the spacetime in which the energy density 
is different for the four prescriptions but the momentum become constant. 
We know many examples for which the energy-momentum complexes can 
yield the same results. It is mentioned here that these results turn out to 
be the same [34] under the limiting case of the Curzon metric which is a 
special solution of the Weyl metric. It would be interesting to look for the 
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reasons of this difference. It seems that the basic problem of definition of 
energy-momentum in GR is still there which needs to be resolved. 
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